Introduction – The Shape and Behavior of the Wave Function

Goals

In the following seven interactive engagements (in-gagements) you will learn about the shape and behavior of the wave function by studying some very simple situations.  Although the classical motions in these simple situations are extremely simple, the predictions of quantum mechanics are quite diverse and often quite surprising.  Most of the basic ideas you learn in these in-gagements will also apply to much more complicated situations.

These in-gagements should also begin to familiarize you with the basic mathematical techniques of quantum mechanics.  Although many of those techniques should already be familiar to you from other courses, you may not be comfortable with some and you may have not have seen a few at all.  Practicing with them now will make working with them in more complicated situations easier.

As with previous in-gagements, these stress both a visual and an analytic or computational understanding of quantum mechanics.  The main tool for gaining a visual understanding of various phenomena in these in-gagements will be a computer program called Wave Function Explorer (WFE).  This program will allow you to easily sketch, view, and animate wave functions and probability densities for lots of different energy diagrams.

Prerequisites

Although this series of in-gagements is specifically designed to be used with the rest of the AVQM materials it will fit into most introductory quantum mechanics courses.  Before taking a course using these materials you should have completed at least the basic calculus based introductory physics courses and a course in differential equations.  More advanced physics courses in classical mechanics and electricity and magnetism and some knowledge of linear algebra is also helpful but is not strictly necessary.

The material in these in-gagements assumes that you also have some basic knowledge about quantum mechanics.  This should include some knowledge of what the Schrödinger equation is and why we want to solve it, what the wave function is and what it means in general, how to get a probability density from the wave function, an understanding of what it represents, and how to use it to do some basic calculations.

Why this simple case

If you remember back to your first physics classes, you probably spent a lot of time studying the motion of a single point particle with constant acceleration.  Newton’s laws are not as hard to solve in that case, the solutions are easy to study, and they approximate a wide range of real world phenomena.  Since then you have probably studied the motion of many particles and extended bodies with a wide variety of interactions but the basic ideas of those more complicated situations have all the same features of that original constant acceleration problem.

In quantum mechanics we will take a similar approach.  We will spend a great deal of time studying the behavior of a single quanta (usually an electron) in a constant or piecewise constant potential energy field.  For this case the equations are fairly easy to solve and the solutions are fairly easy to work with.  But all of the basic ideas that you learn while studying this seemingly simple system will apply to all of the more complicated systems that you will eventually study.

The simplifying assumptions

To make our initial studies of the Schrödinger equation, the wave function, and the probability density as easy as possible, we will start with some simplifying assumptions.  We will work with situations that can be represented by a one dimensional potential energy function which does not have any time dependence.  We will also require that the potential energy function is piecewise constant (in the space dimension) so that we can split the x-axis into a finite number of regions in which it is constant.  Finally, we will only look at solutions to the Schrödinger equation that are obtained using separation of variables.

The basic equations

The central equation we wish to solve is the one dimensional Schrödinger equation: 
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(Equation 1)

We can separate variables, writing the wave function as a product of a part that depends on x only and a part that depends on t only, by using a wave function of the form:
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(Equation 2)

The spatial part of the wave function, 
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 is often called the eigenfunction.  An equation for the eigenfunction can be derived by plugging Equation 2 into Equation 1 and is usually written:
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(Equation 3)

This equation is called the one-dimensional time independent Schrödinger equation and will be the focus of much of our attention.  If we can solve for its eigenfunction, then we can use Equation 2 to get the corresponding wave function which we can then use to study the behavior of the quanta.

The process and ideas

To find the wave function for piecewise constant potentials we will split the x-axis into regions so that the potential is constant in each region.  Then, we will solve the general time independent Schrödinger equation for a constant potential in each region.  Finally we will apply appropriate boundary conditions and asymptotic conditions between the regions and at 
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 to find the specific solution for a given situation.

After we have obtained those solutions, we will spend a great deal of time studying their shapes, behaviors, and properties.  This will give us insight into the shapes, behaviors, and properties of the wave functions for much more complicated energy diagrams.

Overview of next seven in-gagements

In “The Free Particle” in-gagement, you will begin with the simplest situation possible, one with constant potential energy everywhere.  In classical physics this corresponds to a particle with no forces acting on it.  In “The Step Function” you will study the next simplest situation, one with a step function for a potential.  In “General Scattering and Resonance”, “Tunneling”, “Half Scattering” and “Bound States” you will look at more and more complicated situations represented by piecewise constant potentials – each complication will allow new and different quantum behaviors.  Finally in “General Potentials” you will begin to generalize what you have learned about piecewise constant potentials to situations with more general potential shapes.  By this time you will have been exposed to most all of the major ideas, behaviors, and phenomena that can occur in one-dimensional quantum physics.  You will be able to look at any energy diagram and rapidly determine the shapes of possible wave functions and the general behavior of a quanta in that potential.
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