Half Scattering – Getting Started

Goals and Introduction

In the previous in-gagements, you have learned enough to deal with any one-dimensional general scattering problem in a situation represented by a piecewise constant potential.  All of the procedures that you have learned so far work as long as E>V in the leftmost and rightmost regions.  In this in-gagement you will learn how to deal with a situation in which E<V in one of those two edge regions.  

Classically, if E<V in the rightmost region then the particle cannot exist there at all.  The only thing that a classical particle can do in this case is come in from the left and then stop and bounce back to the left when it reaches a point where E=V.  The main difference between this case and the general scattering case is that in the general scattering case the particle can originate from either side - but in this case, with E<V on one side, the particle can only originate from the other side.  This is why we call this case half scattering.

In the quantum general scattering case we always get two linearly independent solutions to the Schrödinger equation representing the quanta originating from the left or from the right.  We may expect this situation to change for the half scattering case since there is only one classical motion allowed.  To find out if this is the case, we will need to study the quantum solutions carefully.

Step functions

The simplest half scattering situation is the general two-region step potential energy function shown in Figure 1.
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Figure 1:  A general two region step potential with E<V in one region.

A classical particle in the situation represented by this potential would come in from the left with a constant speed, stop at x=a, and exit to the left with the same constant speed.  To find out how a quanta will behave we will need to find the wave function.  To do this we can still use the same procedures that we have used up until this point – we just need to do so carefully to be sure everything works as expected.

Matching boundaries 

We will first solve the boundary conditions for this problem analytically.

Exercise 1:  Using an eigenfunction of the form 
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 for region 1 and an eigenfunction of the form 
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 for region 2 and a value of a=0, write down and simplify the two boundary conditions for Figure 1.

Exercise 2:  Sketch the eigenfunction of exercise 1 for the specific case where E=2eV, V1=0eV, V2=3eV, C2=1, and D2=1.

Exercise 2:  Sketch the eigenfunction of exercise 1 for the specific case where E=2eV, V1=0eV, V2=3eV, C2=-1, and D2=1.

Exercise 3:  Sketch the eigenfunction of exercise 1 for the specific case where E=2eV, V1=0eV, V2=3eV, C2=0, and D2=1.

Exercise 4:  Sketch the eigenfunction of exercise 1 for the specific case where E=2eV, V1=0eV, V2=3eV, C2=1, and D2=0.
Questions:

1) Are the eigenfunctions that you sketched for this case what you expected based on your past experience?  Explain.

2) Since the region 1 and region 2 are both “edge” regions, we need to remember that they continue infinitely far to the left and to the right.  For each of your sketches in exercises 2-4, what does the sketch look like if it is continued infinitely to the left and to the right?
3) Sketch the probability density functions for these four eigenfunctions.  In each case, where is the quanta least likely to be found?  Where is it most likely to be found?  Explain.
4) Is there anything about these eigenfunctions that might cause some sort of problem?  Explain.
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